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We analyze GKZ(Gel’fand, Kapranov and Zelevinski) hypergeometric systems and
apply them to study the quantum cohomology rings of Calabi-Yau manifolds. We
will relate properties of the local solutions near the large radius limit to the inter-
section rings of a toric variety and of a Calabi-Yau hypersurface.
1 Introduction
Mirror symmetry of Calabi-Yau manifolds is one of the most beautiful aspects
of string theory1. It has been applied with great success to do non-perturbative
calculation of quantum cohomology rings1−10. More recently, new ideas have
been developed to apply mirror symmetry to study the moduli space of the
type II string vacua compactified on a Calabi-Yau manifold. Some of the recent
work on verifying the so-called heterotic-type II string duality relies heavily on
these new ideas11 12 13.
One of the key ingredients for studying families of Calabi-Yau manifolds
is the so-called Picard-Fuchs equations. They are differential equations which
govern the period integrals of a Calabi-Yau manifold. In this report, we will
review several aspects of the Picard-Fuchs equations which arise in mirror
symmetry. We define the flat coordinates and use them to give a natural de-
scription of the quantum cohomology ring. We relate the flat coordinates to
the general solutions of the Picard-Fuchs equations at the so-called point of
maximally unipotent monodromy2. The general solutions turn out to be in a
subspace of the solutions to a Gel’fand-Kapranov-Zelevinski (GKZ) hypergeo-
metric system14. A GKZ system is therefore reducible in our case.
2 Mirror symmetry and quantum cohomology ring
To see the essence of the mirror symmetry, we should go back to a toy model
(c = 3) of a string theory with target space given by a complex 1-torus T . We
can write it as T = C/Λ where Λ = Ze1 ⊕ Ze2 is a rank 2 lattice in C. We
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introduce the metric and the antisymmetric tensor on the torus by Gij := ei ·ej
and Bij = Bǫij . Then it is natural to introduce the complexified Ka¨hler
modulus λ = 2(B+ i
√
G) and the complex structure modulus ρ = G12
G22
+ i
√
G
G22
.
The partition function ZT (λ, ρ) is determined exactly as a function of moduli
and is known to have the following symmetries1516: 1)ZT (λ, ρ) = ZT (λ, ρ+1) =
ZT (λ,−1/ρ), 2)ZT (λ, ρ) = ZT (−λ¯,−ρ¯), 3)ZT (λ, ρ) = ZT (ρ, λ). The first two
symmetry is the result of modular invariance and orientation invariance. The
last symmetry, however, comes from the invariance under the exchange of
momenta and winding numbers. It is the simplest example of mirror symmetry:
an invariance under the exchange of the complexified Ka¨hler moduli and the
complex structure moduli.
If we combine the symmetries 1) and 3), we may derive the relation
ZT (λ, ρ) = ZT (−1/λ, ρ), which is the complex analogue of the famous symme-
try, R↔ 1/R duality found by Kikkawa and Yamazaki1718.
When the complex 1-torus is replaced by a Calabi-Yau 3-fold M , the sym-
metry 3) becomes a little more involved. First we need a new manifold W
which is ”mirror” to M . Then we have
ZM (f(ρ), g(λ)) = ZW (λ, ρ) , (1)
where the parameters λ, ρ represent local coordinates of the appropriate moduli
spaces. The functions f, g are mirror maps which we will later describe in terms
of the flat coordinates of the Gauss-Manin system.
There are two local operator algebras, which are called type A,B respec-
tively, associated to a string model compactified alongM . The type A algebra
is associated to the Ka¨hler deformation λ and it receives non-perturbative
quantum corrections from the σ-model instantons. The type B algebra de-
pends on the complex structure but receives no quantum correction19. Then
the symmetry expressed by (1) implies that there is an isomorphism between
the type A algebra of M and the type B algebra of W and vice versa. This
turns out to be a very powerful tool for computing the quantum correction
appearing in the type A algebra, say, of M . This is the quantum cohomology
ring of M .
The type A and B algebras may be described in more geometrical terms
as follows. In classical geometry, the (complexified) Ka¨hler moduli of a Calabi-
Yau manifoldM can be described in terms of the cohomology groupH1,1(M,C),
regarded as a subspace of the commutative algebra ⊕3i=0Hi,i(M,C). On
the other hand, the complex structure deformation of the mirror W may
be described by the variation of the Hodge structures, for which the space
H3(W,C) = ⊕3i=0H3−i,i(W,C) and its Hodge filtrations play an essential
role. When M is a Calabi-Yau hypersurface in a weighted projective space
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P4(w), the complex structure deformations(, at least the algebraic ones,) for
the mirror W can be represented by polynomial deformations of the defin-
ing equation P (z) of W . In fact we have an isomorphism to the Jacobian
ring; ⊕3i=0H3−i,i(W,C) ∼= C[z1, · · · , z5]/(∂P (z)/∂zi). Now mirror symmetry
predicts that the quantum cohomology ring of M is given by
⊕3i=0 Hi,iq (M,C) ∼= ⊕3i=0H3−i,i(Wψ ,C) , (2)
where ψ = (ψ1, · · · , ψh2,1(W )) are parameters in the polynomial deformation of
the mirror W , and the right hand side is given the structure of the Jacobian
ring Jψ above.
In their original work, Candelas et al1 determined the quantum cohomology
ring starting from the Jacobian ring Jψ for the mirror of a quintic hypersurface
in P4. In general we may define the quantum cohomology ring through a
specific basis (flat coordinate) of the Jacobian ring, {1,Oa,Ob,O(3)} (a, b =
1, · · · , h2,1(W )), where Oa,Ob and O(3) represent the elements with charge
one, two and three, respectively, in the Jacobian ring. The flat coordinate
is characterized by the properties that OaOb ≡ δbaO(3) , OaO(3) ≡ 0 in the
Jacobian ring. Then the relations OaOb ≡
∑
cKtatbtc(t(ψ))Oc determines the
coupling as a function in flat coordinates. We may compute the quantum
cohomology ring at the so-called large radius limit where we have non-trivial
q-expansion for the coupling:
Ktatbtc(t) ∼
∫
M
ha ∧ hb ∧ hc +
∑
Ni1i2···inq
i1
1 q
i2
2 · · · qinn . (3)
The first term in the expansion are the classical intersection numbers for the
elements ha ∈ H1,1(M,Z) (a = 1, · · · , h1,1(M)) and qi := e2piiti (i = 1, · · · , n =
h2,1(W )). It has been verified in numerous examples that the numbersNi1i2···in
are integers, possibly negative, which ”count” the instantons appearing in the
quantum correction1−10.
3 Gauss-Manin system and flat coordinates
In this section we will characterize the flat coordinates through the analysis of
the Gauss-Manin system.
Let us consider the quintic hypersurface M in P4 and its mirror W ob-
tained by orbifoldizingM by G = (Z5)
3. We take the defining equation forWψ
as Pψ =
1
5z
5
1 + · · · + 15z55 − ψ φ with φ = z1z2z3z4z5. The deformed Jacobian
ring Jψ is given by
Jψ := C[z1, · · · , z5]G/(∂Pψ/∂zi) ∩C[z1, · · · , z5]G . (4)
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We fix a basis of Jψ as {ϕ(0), ϕ(1), ϕ(2), ϕ(3)} := {1, φ, φ2, φ3} indicating the
charges by the superscripts (, ϕ(i) refers to the element with charge i or homo-
geneous degree 5i). Then the Gauss-Manin system is a set of first order differ-
ential equations satisfied by the period integrals. They are given by w := (w
(i)
j )
with
w
(i)
j = i!
∫
γj
ResPψ=0(
ϕ(i)dµ
P i+1ψ
) , (5)
where γj ’s are cycles inH3(Wψ ,Z) and dµ :=
∑
k(−1)k+1zkdz1∧· · ·∧ ˆdzk∧· · ·∧
dz5. We can derive, using the reduction pole order argument, the differential
equation satisfied by (5) as
∂
∂ψ
w =


0 1 0 0
0 0 1 0
0 0 0 1
ψ
1−ψ5
15ψ2
1−ψ5
25ψ3
1−ψ5
10ψ4
1−ψ5

w (6)
We notice that we can do a degree-preserving change of basis on the Ja-
cobian ring by ϕ(i) → Qi(ψ)ϕ(i) +
∑
j Rij(z, ψ)∂Pψ/∂zj, where Qi(ψ) and
Rij(z, ψ) are arbitrary. We may also change the normalization of the defining
equation by an arbitrary function r(ψ): Pψ → r(ψ)Pψ . It is easy to see that
these changes result in a new period v related to the original one by w =M(ψ)v
with lower triangular matrix M(ψ). By a change of local parameter ψ = ψ(t)
to the flat coordinate t, the Gauss-Manin system (6) becomes
∂
∂t
v =
(
∂ψ
∂t
)
(M−1GψM −M−1 ∂∂ψM)v
=


0 1 0 0
0 0 Kttt(t) 0
0 0 0 1
0 0 0 0

 v , (7)
where Gψ is the connection matrix in the right hand side of (6) and Kttt(t) is
a function which will be determined by this form of the Gauss-Manin system.
We can determine the matrix M(ψ) explicitly as
M(ψ) =


r 0 0 0
r′ s 0 0
r′′ s′ + r
′
r
s 1
s
C
1−ψ5 0
r′′′ (s′ + r
′
r
s)′ + r
′′
r
s 1
s
{
(
1
1−ψ5
)′
+ r
′
r
1
1−ψ5 } 1r C1−ψ5

 , (8)
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where the functions r = r(ψ) and s = s(ψ) satisfy differential equations (, with
r′ = ∂r/∂ψ e.t.c.),
r′′′′ − 10ψ41−ψ5 r′′′ − 25ψ
3
1−ψ5 r
′′ − 15ψ21−ψ5 r′ − ψ1−ψ5 r = 0
s′′ − 5ψ41−ψ5 s′ −
(
5ψ3
1−ψ5 +
5ψ4
1−ψ5
r′
r
+ 2r
′2
r2
− 3r′′
r
)
s = 0 .
(9)
The differential equation for r(ψ) coincides with the Picard-Fuchs equation.
The relation (7) determines the coupling and the flat coordinate t = t(ψ) as
follows;
Kttt(t) =
1
r2
C
1− ψ5
(
∂ψ
∂t
)3
,
∂t
∂ψ
=
s(ψ)
r(ψ)
. (10)
The Picard-Fuchs equation satisfied by r(ψ) in (9) can be arranged to
{θ4z − 5z(5θz + 4)(5θz + 3)(5θz + 2)(5θz + 1)}w(z) = 0 , (11)
where z = 1(5ψ)5 and w(z) = −5ψr(ψ). It is evident that the indices of
the Picard-Fuchs equation are zero at the large radius limit z = 0, and the
monodromy becomes maximally unipotent. All the solutions can be deter-
mined by the standard Frobenius method starting from the series w0(z, ρ) :=∑ Γ(5(n+ρ)+1)
Γ(n+ρ+1)5 z
n+ρ. One can verify that the ratio t(z) = 12pii
w1(z)
w0(z)
, where
w0(z) := w0(z, ρ)|ρ=0 and w1(z) := ∂∂ρw0(z, ρ)|ρ=0, coincides with the flat
coordinate.
In fact the functions r(ψ) = − 15ψw0(z) and s(ψ) = − 15ψw0 ∂t∂ψ solve the
equations (9). Because of the behavior t ∼ 12pii log(z) near the large radius
limit, we obtain the desired q-expansion (3) with q = e2piit and C = 5
2
(2pii)3 .
We can read off the prepotential F (t) for the quantum coupling Kttt from
the form of the Gauss-Manin system in the flat coordinate (7). To see this
note that the first order system (7) is equivalent to ∂2t
1
Kttt(t)
∂2t v
(0) = 0, where
v(0) is the first row of the periods v = (v
(i)
j ). Then it is easy to see that the fol-
lowing v
(0)
j ’s constitute the solutions; v
(0)
0 = 1, v
(0)
1 = t, ∂
2
t v
(0)
2 = Kttt, ∂
2
t v
(0)
3 =
−tKttt. These relations are sufficient to defermine the prepotential
F (t) :=
1
2
(
v
(0)
0 v
(0)
3 + v
(0)
1 v
(0)
2
)
, (12)
such that Kttt(t) = ∂
3
t F (t). Since we have a relation v
(0)
j =
1
r(ψ)w
(0)
j from the
matrix M(ψ) in (8), we can write the prepotential in terms of the solutions of
the Picard-Fuchs equation.
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4 GKZ hypergeometric system and the flat coordinate
In this section, we will consider a Calabi-Yau hypersurfaceXd(w) in a weighted
projective space P4(w) (, where d represents the homogeneous degree of the
surface). We will consider two a priori different objects: the intersection ring
for Xd(w) and the GKZ hypergeometric system for the periods of X
∗
d (w). We
will find a close relationship between the two.
4.1 Intersection ring
According to Batyrev20, we can construct the mirror pairing (M,W ) = (Xd(w),
X∗d(w)) of Calabi-Yau manifolds starting from a pairing of the reflexive poly-
hedra (∆(w),∆∗(w)) in R4. Here the polyhedron ∆(w) is defined through the
Newton polyhedron of the defining equation (, the potential,) of Xd(w) and
may be written as
∆(w) = Conv.
(
{ x ∈ Z5 |
∑
wixi = 0 , (xi ≥ −1) }
)
. (13)
We see that all vertices of this polyhedron are integral by definition and the
origin is the only interior integral point in ∆(w) (, in fact this is the defining
property of the reflexive polyhedron). The (polar) dual of ∆(w) is defined by
∆∗(w) := { y ∈ Λ(w)∗
R
| 〈y, x〉 ≥ −1 } and turns out to be reflexive if ∆(w)
is reflexive. Here Λ(w)R is the scalar extension of the lattice Λ(w) = { x ∈
Z5 | ∑wixi = 0 }. The cones over the faces of the respective polyhedra define
the complete fans Σ(∆(w)) and Σ(∆∗(w)). These fans define compact toric
varieties PΣ(∆(w)) and PΣ(∆∗(w)). Then the Calabi-Yau hypersurfaces Xd(w)
and X∗d (w) are crepant resolutions of zero loci of certain Laurent polynomials
in the ambient spaces PΣ(∆∗(w)) and PΣ(∆(w)), respectively.
If all singularities of the ambient space PΣ(∆∗(w)) are Gorenstein, the sub-
division of Σ(∆∗(w)) using all integral points on the faces makes Σ(∆∗(w))
regular and results in the smooth ambient space PΣ(∆∗(w)). This is the case
for the models of type I and II in the classification given in refs810. For sim-
plicity, we will restrict our attention to this case.
The classical cohomology ⊕Hi,i(Xd(w),Z) may be understood as the re-
strictions of the cohomology of the ambient space PΣ(∆∗(w)). The cohomology
ring of the smooth toric variety is generated by the toric divisors associated to
each one dimensional cones. We denote the integral points in ∆∗ as ν∗1 , · · · , ν∗p
and the corresponding divisors asD1, · · · , Dp. Then the cohomology ring called
an intersection ring, of the toric variety can be described 22 by
A∗(PΣ(∆∗(w)),Z) = Z[D1, · · · , Dp]/(SRΣ(∆∗(w)) + I) , (14)
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where SRΣ(∆∗(w)) is the Stanley-Reisner ideal for the fan Σ(∆
∗(w)) and I
represents the divisors of the rational functions. These two ideals are generated,
respectively, by
i) Di1 · · ·Dik for ν∗i1 · · · ν∗ik not in a cone of Σ(∆∗(w)),
ii)
∑p
i=1〈u, ν∗i 〉Di for u ∈ Z4.
(15)
The degree four element in A∗(PΣ(∆∗(w)),Z) should give the ’volume’ form
of PΣ(∆∗(w)). Since we know that the total Chern class is c(TPΣ(∆∗(w))) =∏p
i=1(1+Di), and χ(PΣ(∆∗(w))) = # of 4-dimensional cones in Σ(∆
∗(w))22, we
can normalize the volume form using the relation
∫
PΣ(∆∗(w))
c(TPΣ(∆∗(w))) = χ.
With this normalization, we may define the intersection couplings
〈Di1Di2Di3Di4〉 :=
∫
PΣ(∆∗(w))
JDi1JDi2JDi3JDi4 . (16)
Since the divisor of the hypersurface has an expression [Xd(w)] = D1 +
· · · +Dp, the intersection ring of the Calabi-Yau hypersurface Xd(w) may be
described by A∗(Xd(w),Z) = A∗(PΣ(∆∗(w)),Z)/Ann(D1 + · · · + Dp), where
Ann(x) consists of those elements which vanish after multiplication by x in
the ring A∗(PΣ(∆∗(w)),Z). Then the intersection coupling of Xd(w) may be
written as 〈Di1Di2Di3 [Xd(w)]〉.
4.2 GKZ hypergeometric system
As remarked by Batyrev in 21, a period integral of X∗d(w) satisfies the GKZ
hypergeometric system. This system is defined by the integral points A =
{ ν¯∗i = (1, ν∗i ) }i=0,···,p in ∆∗ placed on a hyperplane in R5, and an exponent
β ∈ R5. The set A is not linearly independent but has affine relations ex-
pressed by a lattice L = { (l0, · · · , lp) ∈ Zp+1 |
∑
i liν¯
∗
i = 0 } . Then the GKZ
hypergeometric system for the period integral Π(a) is given by
DlΠ(a) = 0 (l ∈ L) , ZuΠ(a) = 0 (u ∈ Z5) , (17)
where
Dl =
∏
li>0
(
∂
∂ai
)li
−
∏
li<0
(
∂
∂ai
)li
, Zu =
∑
i
〈u, ν¯∗i 〉θai − βu , (18)
where βu = 〈u, β〉 with β = (−1, 0, 0, 0, 0). This system has a formal solution
Π(a, γ) =
∑
l∈L
1∏
0≤i≤p Γ(li + γi + 1)
al+γ , (19)
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for γ ∈ Rp+1 satisfying ∑i γiν¯∗i = β. It is shown in 14 that convergent pow-
erseries solutions can be constructed from this formal solution for each regular
triangulation of the polyhedron P = Conv.
({0, ν¯∗0 , · · · , ν¯∗p}). The regular tri-
angulation determines local variables xk = a
l(k) through a compatible basis
{l(1), · · · , l(p−4)} of the lattice L.
The q-series expansion of the quantum coupling (3) is valid at the large
radius limit where the monodromy becomes maximally unipotent. There is in
fact a regular triangulation which realizes this property. It is a triangulation
for which we have only one power series solution and all other solutions have
logarithmic singularities. This regular triangulation has the property that all
4-simplices contain the point ν¯∗0 (,the origin in ∆
∗,) and have volume one(,where
the volume should be normalized so that the unit ’cubic’ in n-dimensions has
volume n!). In 10, we called the regular triangulation with this property the
maximal triangulation. Note that the maximal triangulation is a triangulation
we can associate with the complete fan Σ(∆∗(w)) and thus with the desingu-
larization of the ambient space PΣ(∆∗(w)).
The relation between the maximal triangulation T0 of the polyhedron P
and the ambient space PΣ(∆∗(w)) has an important implication on the quantum
cohomology. To see this, let us write the power series solution w0(x, ρ) =
a0Π(a, γ) in terms of the integral basis {l(1), · · · , l(p−n)} of L compatible with
T0, where we define the indices ρ by γ =
∑
k ρkl
(k) + (−1, 0, · · · , 0) and xk =
(−1)l(k)0 al(k) . Explicitly, this series has the form
w0(x, ρ) =
∑
m1,···,mk≥0
Γ(−∑((mk + ρk)l(k)0 + 1)∏
1≤i≤p Γ(
∑
(mk + ρk)l
(k)
i + 1)
xm+ρ . (20)
Because of the difference of the ’gauge’ factor a0 between w0(x, ρ) and Π(a, γ),
the first order differential operator Zu takes the form Z˜u =
∑
i〈u, ν¯∗i 〉θai for
w0(x, ρ). In this form, this differential operator coincides with the linear re-
lation ii) in (15) under the identification θai ↔ Di (i = 1, · · · , p). Under
this identification, the generators in i) of (15) also correspond to the leading
terms of certain differential operators Dl as follows. Consider the toric ideal
〈Dl | l ∈ L〉 ⊂ C[ ∂∂a0 , · · · , ∂∂ap ], construct a Gro¨bner basis of this ideal (, with
respect to a term order defined by the maximal triangulation), and consider
the leading terms of the basis elements. After a suitable multiplication by a
monomial of the form al+ or al− with l = l+ − l−, the leading term of a ba-
sis element Dl becomes the principal part of the operator near xk = 0. The
basis elements together determines the local solutions completely. It can be
shown that the principal parts of the Gro¨bner basis elements coincides with
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the generators i) in (15) for the Stanley-Reisner ideal SRΣ(∆∗(w)) under the
identification θai with Di
10.
Now we can determine the solutions with logarithmic singularities from the
principal parts of the GKZ system using the Frobenius method. We observe
that the solutions are given by
w0(x, 0) , ∂ρiw0(x, 0) ,
∑
k,l Cijkl∂ρk∂ρlw0(x, 0) ,∑
j,k,l Cijkl∂ρj∂ρk∂ρlw0(x, 0) ,
∑
i,j,k,l Cijkl∂ρi∂ρj∂ρk∂ρlw0(x, 0) ,
(21)
where Cijkl := 〈θxiθxjθxkθxl〉 is the coupling (16) under the identification
above and ∂ρi :=
1
2pii
∂
∂ρi
.
It has been reported810 that our GKZ system is reducible and we can
extract canonically the solutions to a subsystem by considering the restriction
of the intersection ring to the hypersurfaces Xd(w). That is, we use in (21)
the cubic coupling Kclijk = 〈θxiθxjθxk [Xd(w)]〉 instead of Cijkl for the ambient
space. It has been verified experimentally that the system with these solutions
coincides with the Picard-Fuchs equations derived from the reduction argument
of Dwork-Griffiths-Katz. In terms of the local solutions near the large radius
limit, we can write the prepotential in a concise form8
F (t) =
1
2
(
1
w0
)2
{w0D(3)w0 +
∑
i
D
(1)
i w0D
(2)
i w0}xk=xk(q) , (22)
whereD
(1)
i := ∂ρi , D
(2)
i :=
1
2
∑
j,kK
cl
ijk∂ρj∂ρk , D
(3) := − 16
∑
ijkK
cl
ijk∂ρi∂ρj∂ρk .
The mirror map is then defined by tk :=
D
(1)
k
w(x,0)
w0(x,0)
. It turns out that the
asymptotic form of the prepotential is F (t) = 16
∑
ijkK
cl
ijktitjtk−
∑
k
c2·Jk
24 tk−
i ζ(3)16pi3χ(Xd(w)) +O(q).
5 Summary
We have discussed the flat coordinates of the Gauss-Manin system in the con-
text of the mirror symmetry. In these coordinates, we can compute the quan-
tum cohomology ring ⊕iHi,iq (M,C) using the Jacobian ring Jψ of the mirror.
In case of the toric realization of the mirror symmetry, we can trace the
structure of the quantum cohomology ring to the logarithmic solutions to the
GKZ hypergeometric system near the large radius limit. The closed formula
for the prepotential (22) is written completely in terms of the data of the
reflexive polyhedron ∆∗. It is an interesting and important problem to relate
the q-series expansion of the prepotential to the axiomatic definition of the
quantum cohomology ring 24 23.
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